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Abstract
A 2-factorization of a 2d-regular graph G has an orthogonal matching if there is a matching
of G in which each edge lies in a distinct 2-factor. We show that there is always an orthogonal
subgraph in which each component is either a single edge or a path of length two and the
number of paths of length two is at most minf 25d;maxf 415d+ 815 ; 2
p
dgg. c© 2000 Published by
Elsevier Science B.V. All rights reserved.
1. Introduction
A factorization F = fF1; F2; : : : ; Ftg of the graph G is a partition of E(G) into
edge-disjoint spanning subgraphs F1; F2; : : : ; Ft called factors. A subgraph H of G is
suborthogonal to F if for all i; 16i6t; jE(H) \ E(Fi)j61, and orthogonal to F if
for all i; 16i6t; jE(H) \ E(Fi)j= 1.
A k-factor of a graph G is a spanning subgraph of G in which each vertex has
degree k, and a k-factorization of G is a partition of E(G) into k-factors. In particular,
a 2-factorization of G is a decomposition of G into spanning subgraphs, each of which
is a disjoint union of cycles. A matching in a graph G is a set of edges of G with
the property that no two edges are adjacent. We will use the term t-path to denote a
path with t edges. A 1-path is thus a single edge and a 2-path consists of two adjacent
edges.
In this paper we consider the following question posed by Alspach [1]. Let G be a
2d-regular graph on n vertices and let F=fF1; F2; : : : ; Fdg be a xed 2-factorization of
G. Does G contain a matching orthogonal to F? The answer is known to be armative
in the following cases: d 2 f1; 2; 3; 4g; n>4d − 5 [2]; and n>3:23d [4]. Anstee and
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Caccetta [3] obtained the following asymptotic result: for d large enough there is a
suborthogonal matching of size at least d− d2=3. And nally, Alspach et al. [2] claim
that there is always an orthogonal subgraph consisting of disjoint paths. Theorem 2 is
an improvement of this result; we show that there is always an orthogonal subgraph
consisting of disjoint edges and 2-paths. In Theorems 3 and 4 we show that there is






First, we introduce the following notation. Let G be a 2d-regular graph on n vertices
with a 2-factorization F = fF1; F2; : : : ; Fdg. Let A and B be subsets of V (G). Then
Ei1 ;i2 ;:::;ij (A; B) denotes the set of edges of Fi1 [ Fi2 [    [ Fij with one endpoint in A
and the other endpoint in B.
The following theorem appears in [2] but the proof, which is claimed to be easy, is
omitted. Since we do not nd this result obvious, we would like to include a proof.
Theorem 1 (Alspach et al. [2]). Let G be a 2d-regular graph on n vertices with a
2-factorization F = fF1; F2; : : : ; Fdg. For any edge e of G; G contains a subgraph
consisting of disjoint paths that contains the edge e and is orthogonal to F.
Proof. Let H be a maximal subgraph of G consisting of disjoint paths that contains
e and is suborthogonal to F. We use a counting argument to show that H is in fact
orthogonal to F.
For i=1; 2, let Vi be the set of vertices of H of degree i, and let V3=V (G)−V (H).
Let ni = jVij so that n3 = n− n1 − n2. In addition, let k = jE(H)j. Hence k = 12n1 + n2.
Suppose k <d; that is, that H is not orthogonal to F. We may assume that H is
orthogonal to fF1; F2; : : : ; Fkg. Take any i 2 fk+1; k+2; : : : ; dg. By the maximality of
H; Ei(V3; V3)=; and Ei(V1; V3)=; so that jEi(V2; V3)j=2jV3j=2(n−n1−n2). On the
other hand, jEi(V2; V3)j62jV2j=2n2. Hence n2>n−n1−n2; that is, k= 12n1 +n2> 12n,
which contradicts the assumption that k <d6 12 (n− 1).
Therefore H is orthogonal to F.
The following is our improvement of the above thoerem and the main result of this
paper.
Theorem 2. Let G be a 2d-regular graph on n vertices with a 2-factorization F =
fF1; F2; : : : ; Fdg. For any edge e of G; G contains a subgraph H orthogonal to F in
which each component is either an edge or a path of length two such that e 2 E(H).
Furthermore; every maximum suborthogonal matching can be extended to an
orthogonal subgraph in which each component is either an edge or a path of length
two.
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Proof. We start with a maximal matching M of G that contains e and is suborthogonal
to F. We then extend M to a maximal subgraph H of G suborthogonal to F in which
each component is either an edge or a path of length two and show that H is orthogonal
to F.
Let jM j= k and assume k <d. Let H be a maximal subgraph of G that consists of
disjoint edges and 2-paths, contains M and is suborthogonal to F. Note that, by the
maximality of M , every 2-path of H contains an edge of M . Let j be the number of
2-paths in H so that jE(H)j= k + j and jV (H)j= 2k + j. Suppose k + j<d; that is,
that H is not orthogonal to F. We may assume H is orthogonal to fF1; F2; : : : ; Fk+jg.
Let A= V (H) and B= V (G)− A.
Take any i 2 fk+j+1; k+j+2; : : : ; dg. By the maximality of M; Ei(B; B)=; so that
jEi(A; B)j=2jBj=2(n−2k− j). Again by the maximality of M , no edge of Ei(A; B) is
incident with an endpoint of a 2-path of H unless this vertex is also an endpoint of e.
By the maximality of H , no edge of Ei(A; B) is incident with an endpoint of a 1-path
of H . Hence jEi(A; B)j62(j + 1). Thus j + 1>n − 2k − j; that is, 2(k + j) + 1>n.
Since k + j<d, we have 2d+ 1> 2(k + j) + 1>n, contradicting n>2d+ 1.
Therefore H is orthogonal to F.
To prove the second part of the theorem, we let M be a maximum matching sub-
orthogonal to F with jM j = k <d. Add edges to M to create a maximal subgraph
H suborthogonal to F in which each component is either an edge or a 2-path. The
above proof is now applied to show that H is orthogonal to F.
How far from a matching is this orthogonal subgraph? We nd two upper bounds
for the number of 2-paths. The rst gives better results for small d.
Theorem 3. Let G be a 2d-regular graph on n vertices with a 2-factorization
F = fF1; F2; : : : ; Fdg. There exists a subgraph of G orthogonal to F in which each
component is either an edge or a 2-path and the number of 2-paths is at most 25d.
Proof. By Theorem 2 there exist subgraphs of G consisting of disjoint edges and
2-paths that are orthogonal to F. Let H be one such subgraph with a minimum
number m of 2-paths. Let K be the subgraph of G induced by V (G)− V (H). Finding
an upper and a lower bound for the number of edges in K we show that m6 25d.
Since jV (H)j= 2d− m; jV (K)j= n− 2d+ m. Let the 2-paths of H be orthogonal
to L= F1 [    [ F2m. By the minimality of m; E(K) \ L= ;. Hence,
jE(K)j6(n− 2d+ m)(d− 2m): (1)
Let (H;K) denote the bipartite subgraph of G induced by the bipartition sets V (H)
and V (K). For any v in K we have 2d = degG v = degK v + deg(H;K) v. Now, the
average degree in K is 2jE(K)j=(n − 2d + m). Hence, there exists w 2 V (K) with
degK w62jE(K)j=(n−2d+m). Thus, for this w; 2d−deg(H;K) w62jE(K)j=(n−2d+m).
Since deg(H;K) w6jV (H)j= 2d− m, we have 2d− (2d− m)62jE(K)j=(n− 2d+ m);
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that is,
jE(K)j> 12m(n− 2d+ m): (2)
From (1) and (2) we get m=26d− 2m; that is, m6 25d.
Theorem 4. Let G be a 2d-regular graph on n vertices with a 2-factorization
F = fF1; F2; : : : ; Fdg. There exists a subgraph of G orthogonal to F in which each
component is either an edge or a 2-path and the number of 2-paths is at most
maxf 415d+ 815 ; 2
p
dg:
Proof. By Theorem 2 there exist subgraphs of G consisting of disjoint edges and
2-paths that are orthogonal to F. Let H be a subgraph of G orthogonal to
F in which each component is either an edge or a 2-path and the number m of
2-paths is minimum. Again we show that m6maxf 415d + 815 ; 2
p
dg by a counting
argument, though this time in a slightly more sophisticated way than in the proof of
Theorem 3.
Let E(H) = fe1; e2; : : : ; edg, where fe1; e2g; : : : ; fe2m−1; e2mg are the 2-paths
and ei 2 Fi. So by Theorem 2 and by the minimality assumption, M = fe1; e3; : : : ;
e2m−1; e2m+1; e2m+2; : : : ; edg is a maximum suborthogonal matching. Let M = fe2m+1;
e2m+2; : : : ; edg and let L = F1 [    [ F2m. Let K be the subgraph of G induced by
V −V (H) and let (H;K) be the bipartite subgraph of G induced by the bipartition sets
V (H) and V (K).
By the maximality of M; L \ E(K) = ;.
Dene ei 2 M to be of type t if jFi \ E(K)j = t for t = 0; 1; 2, and of type 3 if
jFi \ E(K)j>3. Let xt be the number of edges of M of type t so that x0 + x1 + x2 +
x3 = d− 2m. It follows then that
jE(K)j6(n− 2d+ m)(d− 2m− x0):
Using inequality (2) from the proof of the previous theorem we thus have m=26d−
2m− x0, that is, x06d− 52m.
Let ei 2 M be a type 3 edge. We would like to nd an upper bound for the number
of edges of L adjacent to ei. By the maximality of M , there are no edges of L\ (H;K)
adjacent to ei. And, of course, there are at most four edges of L joining ei to a type
0 edge.
Since jFi \ E(K)j>3, there are at most two edges of E(K) − Fi, each of which is
adjacent to all edges of Fi \ E(K). Therefore, since M is maximum, there are at most
two edges of M of type at least 1 that can be joined to ei by the edges of L. Hence
there are at most eight edges of L joining ei to edges of type at least 1.
Finally, consider the edges of L joining ei to a chosen 2-path. It is not dicult to
verify that, if there are at least four such edges, two nonadjacent edges of dierent
‘colours’ can be found in the subgraph of L induced by the vertices of the 2-path and
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the endpoints of ei, which contradicts the maximality of M . Hence at most three edges
of L join ei to a 2-path.
Since there are exactly 8m edges of L adjacent to ei, we have
8m64x0 + 8 + 3m:




Thus the claim is proved for the case that M contains a type 3 edge.
Now, if there are no type 3 edges, then jE(K)j62(d−2m) and so by inequality (2),
1
2m(n− 2d+ m)62(d− 2m):
Since n− 2d>1, we have
m2 + 9m− 4d60:
The positive root of the quadratic equation is 12 (−9 +
p






We thus have m6maxf 415d+ 815 ; 2
p




d and so in this case Theorem 3 gives a better upper bound
for the number of 2-paths in the orthogonal subgraph.
The next observation follows immediately from Theorems 3 and 4.
Corollary 5. Let G be a 2d-regular graph on n vertices with a 2-factorization F=
fF1; F2; : : : ; Fdg. Then G contains a matching suborthogonal to F of size at least
maxf 35d;minf 1115d− 815 ; d− 2
p
dgg:
Note that in the case of a complete graph K2d+1 Kouider and Sotteau’s result guar-
antees a suborthogonal matching of size at least 23:23d+
1
3:23 whereas Corollary 5 (for
d>53) guarantees a suborthogonal matching of size at least 1115d− 815 , which is about
18% better. Of course, this is still far away from Anstee and Caccetta’s asymptotic
result of d− d2=3.
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